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1. Introduction

Conventionally Kalman filter and its variants are used for estimation of states of a dynamic system from its input
output data; especially using the noisy measurements (Raol, 2004). This process requires assumptions on the
statistics of the process noise and measurement noise (Raol, 2017). Often such information is not available. H-
infinity filtering theory has provided an alternative paradigm in a deterministic framework for the estimator of the
states of a dynamic system with minimum assumptions (Hassibi, 1996). Another alternative is the deterministic
domain is the theory of observers. In this paper first HI based a posteriori filter is briefly described. Then, this
discrete time filter (HIPF) is converted into continuous time HI based filter (CTHF). Interestingly, the resulting
CTHF is similar to the HIPF with some additional terms. Then, an observer is presented that utilizes the gain and the
state error Gramian from this CTHF. Using Lyapunov energy functional, asymptotic stability result of the observer’s
error dynamics is derived. The performance of the CTHF is evaluated using MATLAB based numerical simulations.
These results establish the asymptotic stability of the underlying CTHF. The result of the present study is a novel
contribution to the literature of HI theory of filters and the observers.
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2. Materials and Methods

The research has been based on the mathematical derivation of continuous time HI filter (CTHF). The basic HI
filter is based on the minimization of the H-infinity norm and is a robust algorithm. Hence, H-infinity a posteriori
filter (HIPF) is converted to a continuous time H-infinity (HI) filter. The continuous time development offers good
flexibility to study analytical results. Then, an observer is proposed based on the CTHF, and asymptotic stability
result of the observer’s error dynamics is derived using the Lyapunov energy functional. It is established that the
error dynamics of the nonlinear observer with the gain and state error ‘covariance’ Gramian from the CTHF are
locally asymptotically stable, and interestingly this result also establishes that the CTHF algorithm would be
asymptotically stable. The latter is true because the asymptotic convergence result is based on the observer error
dynamics that use the CTHF gain and the Gramian matrix from the CTHF. This is a novel interpretation in this
paper. The performance of the CTHF is evaluated using numerical simulations carried out in MATLAB.

3. Results and Discussions
3.1 H-Infinity a Posteriori Filter

Consider a linear discrete time dynamic system

x(k+ 1) = ¢px(k) + Gw(k) 1)
z(k) = Hx(k) + v(k) 2

In (1), and (2), the variables have usual meanings from control and system theory. The KF is a very well known and
a popular filtering algorithm for estimation of the states, x(.), utilizing the measurements z(.). However, it requires
statistical assumptions on the process noise w(.), and the measurement noise v(.). There is an alternative theory based
on the H-infinity norm, that has resulted into several HI based filtering and control algorithms (Gelb, 1974). This HI
filter is based on the minimization of the H-infinity norm, and it is supposed to be a robust algorithm. The HIPF
algorithm is given here. First, the (covariance) state error Gramian (SEG) propagation is obtained as

Pk +1) = pPUOGT + $P(k = DT +Q - pP() T LrIR:[1]] PCIY@T 3)
In (3), the composite measurement (covariance) Gramian matrix is obtained as
Re=ly _yo +[f]P00tHT 1m @

In (4), v is a factor that specifies the upper bound on the energy (variance) gain from the input energies due to the
disturbances (w(.), and v(.)), and the input error in the state initial condition to the output state error energy. The
HIPF filter gain is obtained as

K=P(k+ DHT(HP(k+ 1DHT + )1 (5)
The measurements/data update of the state estimate is given as

2k+1)=%k)+K(@z(k+1)— Hx(k)) (6)

In (6), the previous state estimate is obtained as ¥ (k) = ¢x (k) @)

In the context of HI/HIPF theory, all the variables are considered as generalized ‘random’ variables, and the
associated ‘covariance’ like matrices are called Gramians.

3.2 Continuous time H-Infinity filter (CTHF)

The continuous time development has often a very good flexibility to study analytical results. Hence, the HIPF is
converted here to continuous time filter. The continuous time linear dynamic system is given as
x(t) = Ax(t) + w(t) 8)

z(t) = Hx(t) + v(t) ©))

In (8) and (9), the variables have usual meanings. The main idea here is to convert the HIPF to continuous time filter,
and hence, we utilize the following substitutions, as a first order approximation (Raol et al., 2004):
¢(k) =14+ AAt (10)
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Q(k) = GQGTAt; and R(k) = Ait (11)

The equivalences of (10), and (11) are used to derive the continuous time HI filter from the discrete time HIPF. The
approach is to use the differential equations of the HIPF and then observe their behavior as the discrete time step
At = 0.

First, the HIPF gain is handled as follows:

iK(k) = ﬁP(k + DHT(HP(k + 1)HT + )1 (12)

1
A_tK(k) =P(k + DHT(AtHP(k + 1)HT + IAt)™!

il((k) = P(k + 1)HT(AtHP(k + 1)HT + R)~%; R = IAt (13)
In the limit as the At — 0, the continuous time HI gain is obtained from (13) as
i L — i T T -1
Algn}0 AtK(k) Algn)oP(k + 1)HT(AtHP(k + 1)HT + R) (14)
K() = AlgmoAitK(/Yc) = P(t)HTR™' ; wherein R(t) is given as R = IAt (15)

Next, (10) is substituted in (3) to obtain

P(k+1) = (I + AADP(K)(I + AADT + GQGTAt — (I + AM)P(K)[HT  L[TIR;! [‘Z’ |PCoy U+ Aa)”

(16)
Simplifying (16) at first stage one gets, neglecting higher product term,
P(k+ 1) =P(k) + AP(k)At + P(k)ATAt + GQGTAt — (I + AAD)[P(K)HT P(k)LT]IR;? [:Iﬁ((:))] (I + AAD)T
(17)
Now, the gains are specified as
K = PHTR™Y; HP = RTK" (18)
K, =PLT;LP = K[ (19)

Substituting (18), and (19) in (17), one obtains
T T
P(k + 1) = P(k) + AP(K)At + P()ATAL + GQGTAt — (I + AM)[KR KR! [RK’§ ] (I + AADT (20)
l

Next, the central part of the last term is written as follows for simplicity

RTKT
P = KR KR [F | @
Substituting (21) in (20), and then simplifying one obtains, neglecting higher product term,
P(k+ 1) = P(k) + AP(k)At + P(k)ATAt + GQGT At — (I + AAt) Py (I + AAD)T (22)
P(k+ 1) = P(k) + AP(k)At + P(k)ATAt + GQGT At — Py — AP 4At — P.4AT At (23)

Now, forming the differential from (23), and dividing both the sides by At one obtains

PO = [{AP(k) + P(k)AT}AL + GQGTAL — Pog — {AP.q + PogAT}AL] (24)

Then, applying the limit At — 0, one obtains

lim P(k+1)-P(k) _

Jim ZE lim = [{AP(K) + P(K)AT}At + GQGTAL — Pog — {APeq + PegATIAL]  (25)
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P(t) = AP(k) + P(k)AT + GQG™ — lim A%Pcd — AP,y — P4AT (26)
Next, the limit of the fourth term is evaluated as follows:
RTKT]"
Aliljr—{})AtP = llrr}] t{[KR KR! KT ] } 27)
. N [RTKTT”
lim P = KR K {Jim 2 R} [F | (28)
The limit of the bracketed term is evaluated as follows:
I 0 H -1
= 1
lima k= Jim 2l |+ [ pcotar i) (29)
o ([IAt 0 H -
= 1m{['0" 2]+ [ Paotar imad] (30)
Evaluating the limit in (30), one obtains the following
1At 0o 71*
Rec1 [ —)/ZIAt] (31)
Substituting (31) in (28), one gets
L [RTKTT"
P=[KR Kl [*F (32)

Substituting (32) in (26) the final equation for the time propagation of the state error Gramian matrix is obtained
as

P(t) = AP(t) + P(t)AT + GQG" — P, — AP.4 — P_4AT (33)
In a similar manner, one can obtain the continuous time state estimation equation as follows
X(k+1)=¢x(k)+ K(z(k+1) — Hpx(k)) (34)

Substituting (10) in (34), taking the limit as At — 0 and simplifying one obtains
X = A% + PHTR™(z — HX) (35)

3.3 The Continuous Time HI Filter-CTHF

Specify appropriate initial conditions: x(0), P(0), etc.
The CTHF gain is given as

K(t) = P(t)HTR™Y; R = IAt; K (t) = P(t)LT (36)
The continuous time composite Gramian matrix is given as

TpT
P= KR KR ||

1At 0 ]‘1
0 —yiAt

The continuous time composite Gramian matrix with discrete measurement variance Gramian is given as

-1 —
Rec -

@37)

T
Pea = KR KIRZ' R;’f] :
Re=[y _yo|+ [f]P0otar 171 (38)
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It is important to note here that in the expression of Pc(.), (38), the discrete measurement ‘variance’ Gramian matrix
continues (as was in the discrete time HIPF); however, in matrix P¢(.), (37), the continuous time Gramian is used.
The state error Gramian can be obtained by solving the following Riccati type matrix differential equation

P(t) = AP(t) + P(t)AT + GQG" — P, — AP.4 — P_4AT (39)

X =A% + PHTR™'(z — H);

% =A% + K(t)(z — HR) (40)

3.4 Observer based on Continuous time HI filter

Next, a continuous time observer that uses the gain from the CTHF is studied, and the asymptotic stability result
is derived. A nonlinear continuous time system is given as

x=fxt) (41)

z = Hx (42)
A nonlinear observer for the system of (41) can be given as

£(0) = FR®,0) + Lo (y(©) = 9(®)

y(©) = Hz(0) (43)

In (43), L, (t) is observer gain matrix of appropriate dimension, and is taken from the CTHF as
Lo(t) = P(t)HTR™! (44)

The matrix P(t) is obtained as the solution of the observer Riccati type differential (RTD) equation which is also
directly based on the CTHF:

P(t) = AP + PAT + GQG™ — P, — AP,q — P.4A” (45)
Interestingly (45) also needs (37), and (38). The required Jacobian for (45) is obtained as
Sf(.
A® =372 (46)

By subtracting (43) from (41), the following observer error dynamics are obtained

é(t) = A®)e(t) — Ly () H(x(t) — () + ()

= A(D)e(t) — Lo()He(t) + ¢() (47)
In (47), new nonlinear function is

() =-Ae®) + f(x, 1) — (&, 1) (48)
In (48), the short forms for f and ¢ (.) can be used for simplicity

() =(x(0),2(0),1); fx,0) = f(x(0),0) (49)
The state errors are given as

e(t) = x(t) — 2(t) (50)

3.5 Asymptotic stability result of the observer error dynamics

In order to study the local asymptotic behavior of the observer error dynamics of (47), it is necessary to consider
the following conditions (Raff, 2006; Reif, 2017):
1. The solution of the matrix RTD equation (45) should be bounded
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pl <P(t) < pud (51)

In (51), p;, p,, > 0 are constants (for, P(t) is theoretically, positive definite and symmetrical matrix), and are
the lower and upper bounds respectively.
2. The nonlinearity (48) in the error dynamics should be bounded because the nonlinear functions should be
bounded,
eIl < pllx(®) — 2(OII? (52)

Then, the nonlinear observer error dynamics (47) are locally asymptotically stable, if basically the conditions 1 and 2
are satisfied; of course some more conditions are required, that would evolve as the derivation proceeds further.
First, the LE functional is considered to establish the asymptotic stability of the error dynamics (47) as

V(t) =eT(t)Y(t)e(t) (53)
In (53), Y(t) is the normalizing matrix and is considered as an information matrix given as Y(t) = P~1(t). The
matrix P(.) is called state error Gramian matrix, Y(.) as the information Gramian, and because the deterministic
observer and the CTHF (in deterministic domain) are considered, the variables x(.), and y(.) are called the
generalized ‘random’ variables. One can easily see that the LE functional is positive definite because of the condition
1, the inequality of (51):

—lle@IP < e"@YDe®) < - le®II” (54)
The time derivative of the LE functional (53), under the constraints governed by error dynamics (47), gain (44), and
the SEG (45) should be negative definite. This time derivative is obtained as

V() =eT@®)Y(t)e(t) + eT(®)Y(t)e(t) + eT ()Y (t)e(t) (55)
Since, Y = —YPY, substituting this, and (45) in (55), the following expression is obtained

V(t) = —eT(®)Y()[AP + PAT + GQG” — P. — AP.qy — P,4AT]Y (D)e(t) + T ()Y (t)eé(t) + T ()Y (t)e(t)

(56)

Next, expression for error dynamics (47) is substituted in (56)

é(t) = A()e(t) — Lo()He(t) + ¢(.) (57)

V(t) = —eTY(t)[AP + PAT + GQGT — P. — AP.q — P,4AT]Y (£)e(t) + eTY(t){Ae(t) — L, () He(t) + ()} +

{Ae(t) — L,(O)He(t) + p(D} Y (D)e (D)

V(t) = —eTY(t)[AP + PAT + GQGT — P, — AP,q — P.gAT1Y (De(t) + eTY(t){Ae(t) — L,He(t) + ()} +
{eT (AT —e"(HTL, + ¢ ()Y (e(t) (58)

Simplifying further and canceling certain common terms (without any approximations), one obtains

V(t) = —eT()YGQGTYe(t) + eT(t)YP.Ye(t) + eT (t)YAP . Ye(t) + eT ()YP.4ATYe(t)+eT (t)Y{de(t) —

LoHe(t) + ¢()} + {eT (AT — eT(OHTLL + ¢pT()}Ye(t) (59)
V(t) = —eT()YGQGTYe(t) + eT(t)YP.Ye(t) + eT (t)YAP . Ye(t) + eT (t)YP4ATYe(t)+eT ()Y Ae(t) —
eT(t)YL,He(t) + eT()YP(.) + eT(£)ATYe(t) —eT(t)HTLLYe(t) + ¢pT()Ye(t) (60)

Substituting the CTHF gain from (44) in (60), one obtains
V(t) = —eT()YGQGTYe(t) + eT(t)YP.Ye(t) + eT (t)YAP . Ye(t) + eT (t)YP4ATYe(t)+eT (t)YAe(t) —
eT()HTR YHe(t) + eT(®)YP() + eT(t)ATYe(t) — eT(®)HTR 1He(t) + ¢pT()Ye(t) (61)
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Next, the following additional bounds are defined
a) Itis assumed that

[IR71|| < 1/7;||HTHI| < h?, (r and h are positive constants); |le(t)||? < &2 (62)
b) NIPIl < b; |AP4ll = IP.4ATII < c; IAll < a (63)

After substituting these bounds one gets the following form of (61) in terms of the norms;

. 2
V() = = 2 le@IP + > lle(I? + Z @I + 2% le@I + - lle @I = == lle(DII*  (64)

In (64), q, is the smallest (positive) eigenvalue of the matrix GQGT, that is positive definite and symmetric.
Combining certain terms in (64), one gets

v = —{%- % - Zle@I? - {25 -2 -2 e (o) (65)
@ = - {[&- L -] P22 (66)

For |le(t)]| < & = k, the following condition from (66) results
V© = —{a > B+ 20k < 2T le ()2 (67)

Since, various constants and bounds (all defined earlier) appearing in the {.;.} of (67) are positive, then for the
specified conditions on giand k in (67), it is seen that the time derivative of the Lyapunov energy functional is locally
negative definite as in (67). Hence, the error dynamics of the nonlinear observer with the gain and state error
‘covariance’ Gramian from the continuous time HI filter, are locally asymptotically stable; and interestingly this
result also establishes that the continuous time HI filtering (CTHF) algorithm would be asymptotically stable. The
latter is true because the asymptotic convergence result is based on the observer error dynamics that use the CTHF
gain and the Gramian matrix from the CTHF. This is a novel interpretation in this paper.

3.6 Performance evaluation of the CTHF

The CTHF algorithm is implemented in MATLAB and validated using simulated data. The state space model
considered is given as

x(t) =Ax(t) + Bu+w (68)
The system matrices are
0 06 2.0
A= iy 8] B=[7" e ] (69)
The measurement model is given as
z(t) = Hx(t) + v (70)

The simulated data for 10 sec. are generated using the models, (69), (70), with a sampling interval of 0.05 sec.
Appropriate additive process noise in states and measurement noise are used. Control input signal u(.) is a double
that excites the modes of the system (69). The initial conditions for the states and the Gramians are appropriately
chosen. The % fit errors (metrics) of the measurement residuals and the states are computed as PF/SE=100*cov(of
measurements or state errors)/cov(of true or actual means. or state). If covariance measure is found to be ill-
conditioned, then ‘norm’ can be used instead. Also, the H-infinity norm is evaluated as

_ ER=o (22T (@ () -x(K))
Hl(norm) = (Ro=xT)Po(Ro=2)+ZR_o wT ()W (k) +ZN_, vT (K)v(k) (71)
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The HI norm is the ratio of the output error (state estimate error) energy to the total input energies of the
disturbances; this includes the error in the state initial condition and all the noise variances. The dynamic equations
for simulation as well as filtering algorithm are solved by RK4 method of integration. The RTD equation (45) is
solved by using the transition matrix method (Gelb, 1974). The performance metrics are given in Table 1; from
where it can be seen that the CTHF algorithm performs very satisfactorily. Figure 1-3 show the CTHF performance;
which shows very satisfactory trajectory matching and the state errors are within their theoretical bounds. Figure 3
depicts the time history of the norm of P(t) which corroborates the asymptotic convergence of the observer as well as
the continuous time H-Infinity filtering algorithm. Extensions of the presented analytical results to the applications in
the domain of multi sensory data fusion can be easily pursued (Vershinin, 2002; Raol, 2015).

Table 1
Percentage performance metrics for CTHF algorithm
HI norm PFE residuals
0.0269 4.8968
PSE state x1 PSE state x2
0.2038 0.1213
True(-) & Estim.(-_) State-x1 True(-) & Estim.(-.) State-x2
05
0 W 0 JW
05 05
0 5 10 0 5 10
TIME in Sec. TIME in Sec.
True (-); Nosiy (-); Pred. Mesurements (-.) RESIDUALS
0.5 1
0.5
0 W 1) PSR A—
05
05 -1
0 5 10 0 5 10
TIME in Sec. TIME in Sec.

Figure 1: Time histories match (CTHF)/Residuals

Error in state x1 (-) Error in state x2 (-.)
2 1

15 0.8

0.6
1
0.4

051 ™ T o2t ~—eo 0 d
of —-—-—- ] of - - —-— [
05} 1 - |

04 i
-0.6

0.8

-2 . -1 s
0 5 10 0 5 10
TIME in Sec. TIME in Sec.

Figure 2: State errors with their bounds (CTHF)
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NORM OF STATE COVARIANCE MATRIX P
0.09 T T T T T T T

008

0.07F

0.06

0.051

0.04 -

5
TIME in Sec.

Figure 3: Norm of P(.) showing the convergence

4, Conclusion

H-infinity a posteriori filter (HIPF) has been converted to a continuous time H-infinity (HI) filter. Then, an
observer is presented which uses the gain and the state error Gramian from the continuous time HI filter (CTHF).
Asymptotic stability result of the observer’s error dynamics is derived using the Lyapunov energy functional. The
performance of the CTHF is evaluated using numerical simulations carried out in MATLAB. These results establish
the local stability of the underlying CTHF. This type of result is novel in the literature on HI theory of filters and the
observers. Such studies have utilization in applications of the CTHF algorithm and observers in communications
systems, wireless sensor networks, mechanical/aerospace engineering (aircraft trajectory & parameter estimation and
target tracking), and robotics.
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