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1. Introduction

The effects of lamination scheme on the non — dimensional critical buckling loads of laminated composite plates
are investigated.

The material chosen has the following properties: E; /E, = 5,10, 20, 25,40; G;, = G;3 = G35 = 0.5E;; v;, =
0.25.

Several numerical methods could be used in this study, but the main ones are finite difference method (FDM),
dynamic relaxation coupled with finite difference method (DR) as is shown in references (Turvey & Osman, 1990;
Turvey & Osman, 1989); Turvey & Osman, 1991; Elmardi, 2014; 2015; 2015a; 2015b; 2016), and finite element
method (FEM).

In the present work, a numerical method known as the finite element method (FEM) is used. It is a numerical
procedure for obtaining solutions to many of the problems encountered in engineering analysis. It has two primary
subdivisions. The first utilizes discrete elements to obtain the joint displacements and member forces of a structural
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framework. The second uses the continuum elements to obtain approximate solutions to heat transfer, fluid
mechanics, and solid mechanics problem. The formulation using the discrete element is referred to as matrix analysis
of structures and yields results identical with the classical analysis of structural frameworks. The second approach is
the true finite element method. It yields approximate values of the desired parameters at specific points called nodes.
A general finite element computers program, however, is capable of solving both types of problems and the name"
finite element method" is often used to denote both the discrete element and the continuum element formulations.

The finite element method combines several mathematical concepts to produce a system of linear and non —
linear equations. The number of equations is usually very large, anywhere from 20 to 20,000 or more and requires
the computational power of the digital computer.

It is impossible to document the exact origin of the finite element method because the basic concepts have
evolved over a period of 150 or more years. The method as we know it today is an outgrowth of several papers
published in the 1950t that extended the matrix analysis of structures to continuum bodies. The space exploration of
the 1960™ provided money for basic research, which placed the method of a firm mathematical foundation and
stimulated the development of multi-purpose computer programs that implemented the method. The design of
airplanes, unmanned drones, missiles, space capsules, and the like, provided application areas.

2. Materials and Methods

The finite element method (FEM) is a powerful numerical method, which is used as a computational technique
for the solution of differential equations that arise in various fields of engineering and applied sciences. The finite
element method is based on the concept that one can replace any continuum by an assemblage of simply shaped
elements, called finite elements with well-defined force, displacement, and material relationships. While one may not
be able to derive a closed — form solution for the continuum, one can derive approximate solutions for the element
assemblage that replaces it. The approximate solutions or approximation functions are often constructed using ideas
from interpolation theory, and hence they are also called interpolation functions. For more details refer to References
(Larry, 1984; Al — khafaji & Tooley, 1986; McConkey, 1993).

3. Results and Discussions

3.1 Mathematical Formulations
1) Introduction
The following assumptions were made in developing the mathematical formulations of laminated plates:
a) All layers behave elastically;
b) Displacements are small compared with the plate thickness;
c) Perfect bonding exists between layers;
d) The laminate is equivalent to a single anisotropic layer;
e) The plate is flat and has a constant thickness;
f)  The plate buckles in a vacuum and all kinds of damping are neglected.

Unlike homogeneous plates, where the coordinates are chosen solely based on the plate shape, coordinates for
laminated plates should be chosen carefully. There are two main factors for the choice of the coordinate system. The
first factor is the shape of the plate. Where rectangular plates will be best represented by the choice of rectangular
(i.e. Cartesian) coordinates. It will be relatively easy to represent the boundaries of such plates with coordinates. The
second factor is the fiber orientation or orthotropic. If the fibers are set straight within each lamina, then rectangular
orthotropic would result. It is possible to set the fibers in a radial and circular fashion, which would result in circular
orthotropic. Indeed, the fibers can also be set in elliptical directions, which would result in elliptical orthotropic.

The choice of the coordinate system is of critical importance for laminated plates. This is because plates with
rectangular orthotropic could be set on rectangular, triangular, circular or other boundaries. Composite materials with
rectangular orthotropic are the most popular, mainly because of their ease in design and manufacturing. The
equations that follow are developed for materials with rectangular orthotropic.
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Figure 1 shows the geometry of a plate with rectangular orthotropic drawn in the cartesian coordinates X, Y, and Z
or 1, 2, and 3. The parameters used in such a plate are: (1) the length in the X-direction, (a); (2) the length in the Y —

direction (i.e. breadth), (b); and (3) the length in the Z — direction (i.e. thickness), (h).

Y5
h | X1

Figure 1. The geometry of a laminated composite plate
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2) Fundamental Equations of Elasticity

Classical laminated plate theory (CLPT) is selected to formulate the problem. Consider a thin plate of length a,
breadth b, and thickness has shown in Figure2(a), subjected to in-plane loads Rx, Ry and Rxy as shown in
Figure2(b). The in-plane displacements u (x,y,z) and v (x,y,z) can be expressed in terms of the out of plane

displacement w (x, y) as shown below:
The displacements are:
aw

u(6y,2) = up(,y) - 25
w M

v(x:y;z) = vo(x:}o _ZE
w(x,y,z) = w,(x,y)
Where u,, v, and w, are mid — plane displacements in the direction of the x, y and z axes respectively; z is the

perpendicular distance from mid — plane to the layer plane.
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Figure 2. A plate showing dimensions and deformations

[ (8]

Aiddle surbice
> X
E. . F -
Iy
3 Z 3

S e N PN

‘r

B
I e R

Figure 3. The geometry of an n-layered laminate

The plate is shown in Figure 2(a) is constructed of an arbitrary number of orthotropic layers bonded together as in
Figure 3.

The strains are:

du, *w 1 /0w\°
- &)

“ox Yo T2\ax 1

v, 9*w 10w\’ ¥
_ 0% _ ol did 2
€ dy Zay2+2<6y) | @)

_ v, N ou, ) 2w N (6w> (BW)
V= dx  dy Zaxay dx/ \dy )

The virtual strains:
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The virtual strain energy:
sU =f SeTadV @
14
But,
o=Ce
Where,
C= Cl-j(i,j =1,2,6)
6U=j 8eT C Se dV 5)
14

If we neglect the in-plane displacements u, and v, and considering only the linear terms in the strain — displacement
equations, we write:
aZ
ax?
62
ay?
62
0x0dy

Sw (6)

2

3.3 The Numerical Method

The finite element is used in this analysis as a numerical method to predict the buckling loads and shape modes of
buckling of laminated rectangular plates ( Suleiman, 2016). In this method of analysis, four — the noded type of
elements is chosen. These elements are the four — noded bilinear rectangular elements of a plate. Each element has
three degrees of freedom at each node. The degrees of freedom are the lateral displacement (w), and the rotations (¢)
and () about the (X) and (Y) axes respectively.

The finite element method is formulated by the energy method.

Now express w in terms of the shape functions N and noded displacements a®, equation (6) can be written as:

de = —zBda’ @)
Where,

BT — [azNi d%N; aZNi]
C|ox2 92 dxdy
and
Niai =[w;] i=1n
The stress — strain relation is:
g=Ce
Where C are the material properties which could be written as follows:
Cll 612 C16
C= [612 Cy Czel
C16 C26 C66
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U =f (Bsa®)T(Cz?)Ba®dV
Where V denotes volume. Y
86U = (SaeTf BTDBa®dx dy = §a°T K¢a® (8)
Where D;; = }{l:lfzz:_l C;;jZ* dZ is the bgnding stiffness, and K¢ is the element stiffness matrix which could be

written as follows:
K¢ = fBTDB dxdy 9)

The virtual work done by external forces can be expressed as follows: Refer to Figure4.
Denoting the nonlinear part of strain by e’

SW = ff Se'Ta'dV =f56’TN dxdy (10)

Where
N =[N, Ny N, | = [0, 0, 7] dZ

_se 9 swilox
e’ = 6Ey =| 0 $6W| 6W| (11)
i li sw i 6wJ l@J
dy 0x
N}'
&~ 3 3
Ny <
&~
N, < > N
¥
> ny
Y Y ¥
N}'

Figure 4. External forces acting on an element

Hence,
K a7
J 9 ay Ny ldxdy  (12)
_ _ N
l 0 6:)1 ow Ix 5WJ xy

r?w
_ 0x
W = f ow

dy

This can be written as:
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a T
o
N. N.
W zﬂ laax J [N,:; A;‘yy] laWde dy (13)
Now w = N;af
[aNi]T ’aNl-]
x| TN N.
SW = §aT ff [gﬁlJ N;; 1\;:] (—?Iic/lJ a® dx dy (14)
e 5
Substitute P, = =N, B, = =N, Py, = —N,,,
jomey (%)
W= —da® | n [Px i | 0% | e dx d (15)
- oNi| By, B ]|ON: Y
15y 15y |
Therefore, equation (15) could be written in the following form:
SW = —8a’TKPa® (16)
Where,
oN;
dx |
dx d
ﬂ | xy an; |
dy

KP is the differential stiffness matrix known also as geometric stiffness matrix, initial stress matrix, and initial load

matrix.

The total energy:

U+ W =0 a7
Since §a’ is an arbitrary displacement which is not zero, then
K¢a® — KPa® =0 (18)
Now let us compute the elements stiffness and the differential matrices.
K¢ = UBTDdedy
2N, 1 r 92N, T
0x? d0x?
aZNL_ Diy D1z Dis 62Nl
K¢ = ff ay? 312 gzz gze 3y? dx dy
62Nl- 16 26 66 , aZNi
0x0y | 0x0y.

The elements of stiffness matrix can be expressed as follows:

d2N; 92N; d2N; 92N; 92N, 92N, 92N; 2N; 92N, 9N,
ff [D“ ox? axz +Puz <ay2 ax? | ox? 6y2)+ 2D1e (axay x| o2 6x6y)+
02N; 9%N; 92N; 92N, d2N; 82N
* 2Dz <6x6y dy? = 0y? axay) +4Des 520y dxdy axay] dxdy (19
The elements differential stiffness matrix can be expressed as follows;
ﬂ'[ dN; 6N <6N dN; ON; %) dN; ON; dxdy 20)
ax ax T dy dx 0x Ody Y 9y dy.

The shape local coordinate for a 4 — noded element is shown below in Figure 5

0%N; 0*N;

DZZ ayz ayz
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Figl'Jre 5. A four noded element with local and global co — ordinates

The shape functions for the 4 — noded element expressed in global co — ordinates (x, y) are as follows:
w = Nyw; + Nypy + Napy + Nyw, + Nsop, + Nep,
+N;w3 + Ngps + Nops + Nygwy + Nyjpy + Nipih,
Where,
_ ow _ ow
¢ - ax ) 1/) - ay

The shape functions in local co — ordinates are as follows:
N; = a;; + apr + a;35 + Q% + aisTs + a;eS% + a3 + agr?s + a;grs?
+a;1083 + aj173s + a;,rs?

= aj; + Qo7 + @j3S + a1 + ajsrs + ajes? + a1 + ajgris + ajors?
+aj108° + aj1173s + @13

N;

The integrals of the shape functions in local co — ordinates are as follows:

0%N; 9*N; 1
q. = ff drds =16 [ai4aj4 + 3a;;a57; + s a;gag + aillajn]

dr? or? 3
0%N; 0°N; 1

2= .H ds? 0s? drds =16 [aieajG +3 Qoo + 31108510 + ai12aj12]
0%N; 0°N;

= ,H or? 0s? dr ds = 16[a;ajs + ai7 6o + Aigj10 + Qa1 A1
0%N; 0°N;

e = ff ds? 0r? dr ds = 16[aiajs + aiotj7 + Ai1o@s + 1211 ]
0%N; 0°N;

%= ﬂ dr? ords dr ds = S[a”aﬁ + ai4aj11 + 20,7058 + Q140512

2

+§ai8a]-9]
0%N; 0°N; - 5

6 = ﬂ 3ras g2 AT ds = 8|aistjs + 20807 + Ain1 Gy + 3 Aoy

+ai12aj4]
0%N; 0%N; - 2

7= ff ds? 0rds drds =8 _aieajs + Aieaj11 + §ai9aj8]
0%N; 0°N; \ 2

s = ,H drds 0s? drds =8 »ai5a]’6 + 3 %is%jo + ai11aj6]
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d%N; 02 4
J-f 6ras 6ras dS = 4‘ I:aisajs + aisajll + §ai8aj8 + aisajlz
9
+ 3 Aj9Qjo + Q11012 + Q120511 T gamzajlz]
N
ar ar 79T

+al-7aj9 + al-sajs + aigajz + aisajll + al-7a]~9 +

1
4’ [aizajz + § (3ai2aj7 + 4ai4aj4 + 3ai7aj2
3 %is%s + Q9057

1
ai11aj5) + g(aisaju + a;90j9 + A412055 +9a;7057 + 304110511 + A11Gj12

1
+ai12aj11) + 7 ai12aj12]

1
=4 [ai3 a3 +3 (azajs + aisa5 + a;ga;s

+3a;3a5,0 + 4‘ai6a]’6 + 301003 + A5z + AigQj1o + 5 AioQjo + A100)

3
1
+ai12aj5) + g(aisajn + a;ga;5 + 411155 + 944100510 T Ai11Gj12 T Ai12G511

1
+3ai2aj12) + 7 aillajll]

dN; 6N] 1
3 3s drds =4 [aiza]g + §(ai2aj8 + 2a;,a;5 + 3a;;a58
4 1
+3ai2aj10 + Zal_sajﬁ + aigaj3 + zai4aj12 + 3ai7aj10 + gaisajg + gaigajs
+2ai11a]6)]
dN; 6N] 1
35 or drds =4 [ai3a]-2 + §(3ai3a]-7 + 2a;5a5, + a;gaj;

+al-3aj9 + 2ai6a]-5 + 3ai10aj2 + Zaiﬁajll + aigajg + —aigajg + 3ai10aj7

3 3

1
+2a;1,a5) + g(zaieaju + 3a;10a59 + 3a;3a7 + zaillaj4)]

The values of the integrals are converted from local co — ordinate (r, s) to global co — ordinates.

The integrals of the shape functions in global co — ordinates are as follows:

ﬂ 0%N; ON; _(4h)\  4nPb

a 2 a y - h_% ql - ma3 ql
9%N; 62N 4h, 4am?

ﬂ 32y dxdy = |- Q@2 =75

ffaNazN gy = 4 _ 4mn
ox2 ayr XY =\ |4 = g @

9%N; 02N, };L 4mn
ff dyZ axz X = <hyhx Qe ="gp 9
d%N; 0?2 N; 4 4n?
ff 0x? 6x6y dx dy = (h_,zc) s ="z s
d%N; 62 4 4n?
6= ff dxdy 0x? - dx xdy = (E) 6 = ?%

ffaNaN dy =
dy? 0xdy v =

ﬂazvaz e dy =
axay 8y T\
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0%N; 0°N; 4 4mn
ﬂ 9xdy 6x6y dx dy = <hyhx) Qo ="gp
T; —ffaNL%dxd =<h—y) =b—n
10 9x Ox y h, q10 am d10
dN; ON; h,
. = ff 3y W dx dy = <E)
ﬁ-aN aNJ dx dy =q
dx dy 12

aN; ONJ
3 = f dy ox dx dy = qq3

In the previous equations h, = % and h, = % where a and b are the lengths of the plate along the x — and y — axis
respectively. n and m are the number of elements in the x — and y — directions respectively.

The elements of the stiffness matrix and the differential matrix can be written as follows:
Ki]- = Dy 11 + Dyy1y + 2D 13 + Dyy13 + Doy + 2Dgerg + 2D 675 + 2Dy61 + 4DgeTo
Ki? =Py + ny(rlz +73) + Byryy

or in the non — dimensional form:

4n® /b
K = 7( )Dn‘h + 4mn (b) Di,q4 +4n® D16q6 + 4mn (b) Di,q;

+4n£(5) D,,q; + 4m? (%) Dy6qs + 4n*Di4qs + 4m® (%) D26ds

+4mn (%) Dgsqo

b _ =N b _ _ma
Ki; = an(a) q10 + Pey(q12 + q13) + Py;(g) 11
where

— 1 — a
Dy = ()20 2= () P

O ARSI

a

Also

The transformed stiffnesses are as follows:

Ci1 = Ciic* +2¢25%(C{y + 2Clg) + Cyps*

Cip = ¢?s2(Ciy + C3p + 4C6) + Cip(c* +5%)

C16 = cs[Ciyc* + C355% — (Clz + 2Cg6) (c? — s7)]
Cyy = C118* + 2¢?s%(C{, + 2C4g) + Chpc*

Ca6 = cs[C115% — C3p¢% — (Cip + 2C46) (c? — 57)]
Cos = (Ciy + C3p — 2C{3)c?s? + Cg(c? — 5%)?

Where
c; o
11 =
1—v,vp
, Va1 By Vo By
Cip, = 1 71
V12V21 V12V21
2
Caz =
1—vy,0y
[ ro_ [ A—
Cys = Gp3, Css = Gyz  and Cgg = Gy

E, and E, are the elastic moduli in the direction of the fiber and the transverse directions respectively, v is the
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Poisson's ratio. G,,, G,3, and G, are the shear moduli in the x - y plane, y - z plane, and x - z plane respectively,
and the subscripts 1 and 2 refer to the direction of fiber and the transverse direction respectively.

3.4 Effect of Aspect Ratio

In order to study the stacking sequence of laminated plates, two lamination schemes of cross-ply (0/ 90) and (90/
0) and two other laminations of angle-ply (45/ -45) and (-45/ 45) were considered. The results of their buckling loads
of parameter (P = Pa?/E;h®) are given in Tables 1, 2, 3 and 4. Three boundary conditions SS, CC and CS are
considered in this case. The buckling loads have been determined for two modulus ratios 40 and 5. It is observed
that, the buckling loads are completely the same for the given first three modes. Therefore, it can be concluded that
the buckling load of laminated plates will remain the same even if the lamination order is reversed. The reason

behind this is that the transformed elastic coefficients, [C;;], are equal for both lamination schemes.

Table 1

Non — dimensional buckling loads P = Pa%/E;h3 of (0/ 90) and (90/ 0) lamination schemes of square laminated

plates with a/h = 20, and E, /E, = 40

Lamination Mode

Boundary Conditions

order Number  SS CcC CS
1 0.4410 1.6885 1.1512
0/90 2 0.4494 3.0311 1.6881
3 1.4502 3.0349 2.5982
1 0.4410 1.6885 1.1512
90/0 2 0.4494 3.0311 1.6881
3 1.4502 3.0349 2.5982
Table 2

Non — dimensional buckling loads P = Pa?/E;h3 of (0/ 90) and (90/ 0) lamination schemes of square laminated

plates with a/h = 20,and E; /E, =5

Lamination
order

Mode

Boundary Conditions

Number  SS

CcC

CS

0/90

90/0

1

WNEFEWN

0.6970
1.9943
1.9954
0.6970
1.9944
1.9957

2.2275
3.9687
3.9733
2.2274
3.9688
3.9733

1.5593
2.3388
3.7581
1.5594
2.3393
3.7580

Table 3

Non — dimensional buckling loads P = Pa?/Eh3 of (45/ -45) and (-45/ 45) lamination schemes of square laminated

plates with a/h = 20, and E, /E, = 40

Lamination Mode

Boundary Conditions

order Number SS cC CS
1 0.8375 1.6524 1.2806
45/-45 2 1.7263 2.7630 1.9965
3 1.7285 2.7659  2.5358
1 0.8372 1.6527 .2805
-45/45 2 1.7262 2.7631 19963
3 1.7283 2.7660 2.5355
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Table 4
Non — dimensional buckling loads P = Pa?/E,h® of (45/ -45) and (-45/ 45) lamination schemes of square laminated
plates with a/h = 20,and E;/E, =5

Lamination  Mode Boundary Conditions
order Number SS CC CS

1 0.9907 2.2010 1.6553
45/-45 21995 3.7613  2.5668

2

3 2.2015  3.7652 2.4640

1 0.9908 2.2010 1.6553
-45/45 2 2.1995  3.7613 2.5671
3

2.2015 3.7652  3.4636

4, Conclusion

The finite element model has been formulated to compute the buckling loads of laminated plates with rectangular
cross-section and to study the effect of reversing lamination scheme on the non — dimensional critical buckling loads
of laminated composite plates. New results have been presented. The buckling loads have been determined for two
modulus ratios 40 and 5. It is observed that the buckling loads are completely the same for the given first three
modes. Therefore, it can be concluded that the buckling load of laminated plates will remain the same even if the

lamination order is reversed. The reason behind this is that the transformed elastic coefficients, [CU-], are equal for
both lamination schemes.
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