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The complexity of porous media makes the classical methods used to study 

hydrocarbon reservoirs inaccurate and insufficient to predict the performance 

and behavior of the reservoir. Recently, fluid flow simulation and modeling 

used to decrease the risks in the decision of the evaluation of the reservoir 

and achieve the best possible economic feasibility. This study deals with a 

brief review of the fundamental equations required to simulate fluid flow 

through porous media. In this study, we review the derivative of partial 

differential equations governing the fluid flow through pores media. The 

physical interpretation of partial differential equations (especially the 

pressures diffusive nature) and discretization with finite differences are 

studied.  We restricted theoretic research to slightly compressible fluids, 

single-phase flow through porous media, and these are sufficient to show 

various typical aspects of subsurface flow numerical simulation. Moreover, 

only spatial and time discretization with finite differences will be considered. 

In this study, a mathematical model is formulated to express single-phase 

fluid flow in a one-dimensional porous medium. The formulated 

mathematical model is a partial differential equation of pressure change 

concerning distance and time.  Then this mathematical model converted into 

a numerical model using the finite differences method. The numerical 

solution and the mechanism of pressure diffusivity are presented to simulate 

the studied model. 
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1   Introduction 
 

Simulation refers to the science that links the physical concepts and mathematical foundations of a process or 

phenomenon, supported by computer tool development programming capable of forecasting the behavior and 

performance of this phenomenon under different practical conditions (Fanchi, 2006; Aarnes et al., 2007). Modeling 

represents the process of formulating the appropriate model for the simulation process. This mathematical modeling 

expressed in a way that can be digitally solved to give results that can be analyzed and judge its accuracy by 

calibrating the model. The simulation of reservoir predicts of reservoir performance under different operating 

conditions by combining mathematics, physics, reservoir engineering, and computer programming (Jan-Dirk, 2013). 

Mathematical modeling of a studied phenomenon requires an understanding of the effect of the multiple factors that 

structure this phenomenon. The simulating of oil reservoirs needed an understanding of the behavior of reservoir 

rocks (porous medium), and the behavior of reservoir fluids that flow through porous media. Reservoir simulation 

also required an understanding of the basic concepts of fluid flow such as steady and unsteady flow and the potential 

energy of fluids (ODEH, 1982). The simulation of reservoirs in the oil industry involves the construction of a 

petroleum reservoir computer model to improve the estimate of reserves and make decisions for the development of 

the field. The objectives of simulation studies are to estimate field performance under one or more efficient systems. 

Model performance observation under various production conditions helps to select an optimum set of production 

conditions for the reservoir (Hussain & Alaa, 2017). Numerical simulation of the reservoir is a powerful reservoir 

engineering tool to expect a reservoir 's future performance under several production conditions. In a single reservoir 

model, this tool can help engineers to understand the behavior of fluids and rock properties in the reservoir and how 

these influence the reservoir performance of the future. Depending on the study objectives, several reservoir rocks 

and fluids can be found from the model (Luca, 2001; Fanchi, 2001; Mustafa et al., 2020). We present in this study 

the formulation of the mathematical model of isotropic-one-dimension reservoir with single-phase fluid flow. The 

numerical solution, the application of this model, and the mechanism of pressure diffusivity along with productive 

formation will be presented to simulate a reservoir with injection and production wells. 

 

 

2   Materials and Methods 
 

Mathematical Models Formulation 

 

In a porous medium, the single-phase flow mathematical equations describe the physical processes that represent the 

relationship between the porous medium rocks and the fluids with the applied flow conditions. The general (1, 2, and 

3)-dimensional incompressible fluid flow governing equations are; continuity equation, Darcy equation, and equation 

of state. To formulate a mathematical model for fluid flow through porous media, we start with the definition of 

continuity equation and control volume concept. The continuity equation is the material balance of mathematical 

expression. It can be developed in the simple case of one dimensional (1D) flow through considering the mass 

flowing through a control volume (Aziz, 1979). The control volume (or control box) is a definite volume, fixed in 

space shape. The shape of the control volume is arbitrary. Its boundaries called control surfaces; they always form a 

closed surface in space. The control volume form depends on the system of coordinates utilized to define the fluid 

flow problem. To facilitate discussion, we shall give the control volume a definite shape according to the particular 

coordinate system employed (e.g., a parallelepiped box in Cartesian coordinates) (BEAR, 1988). Figure (1) shows 

the finite-control in one-dimensional flow with rectangular coordination. The control volume in petroleum reservoirs 

simulation applications represents a porous medium comprising single and multi-phases of fluids. The porous media 

is processed as a continuum, the physical properties of which are represented the medium at any point. The control 

volume, which depends on the model's coordination system, is selected as shown in Fig. (2) (BEAR, 1988). The 

equation of material- the balance of any component, c, may be expressed in the system as the law of mass 

conservation and formulated as (Ertekin et al., 2001; Fanchi, 2006); 
 

(𝑚𝑖 − 𝑚𝑜) + (𝑚𝑠) = 𝑚𝑎𝑐 (1) 

 

Where; mi = "mass" in, "the mass of the component entering the control volume from other parts of the reservoir"; 

mo = "mass out" "the mass of the component leaving the control volume to other parts of the reservoir"; ms = 

"sink/source" "the mass of the component leaving or entering the control volume externally"; and mac = "mass 
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accumulated" "the mass of excess material stored in or depleted from the control volume over a time interval Δt". 

Also, to express a fluid flow mathematically in a porous medium, a Darcy law and Equation of estate EOS must be 

used. Darcy's equation is empirical equation describes fluid flow flowing through the control volume. 
 

 

 
Figure 1. One-dimensional flow control volume in rectangular coordination 

 

 
Figure 2. Mathematical symbols description for 1D control volume 

 

 

For one dimensional (1D) single-phase flow, this equation can be presented in a differential equation as (Peaceman, 

2000); 
 

𝑢𝑥 =
𝑞

𝐴𝑥

=
𝑘𝑥

𝜇

𝑑𝑝

𝑑𝑥
 (2) 

 

Where; ux = "fluid flow rate (q) per unit cross-sectional area (Ax) perpendicular to the flow direction"; kx = 

"absolute permeability in the direction of flow"; µ = "fluid viscosity"; (dp/dx) = "pressure gradient". Equation of 

state "EOS" describes the fluid density changes with respects to pressure and temperature and can be expressed as; 
 

𝜌𝑙 = 𝜌𝑙𝑠[1 + 𝐶𝑙(𝑃 − 𝑃𝑠𝑐) − 𝐶𝑇𝑙(𝑇 − 𝑇𝑠𝑐)] (3a) 

 

For a single-phase, we can express the fluid density in term of formation volume factor as (Ertekin et al., 2001); 
 

𝐵𝑙 =
𝜌𝑙𝑠𝑐

𝜌𝑙

 (3b) 

 

Where; 𝐶𝑙 = liquid compressibility;  𝐶𝑇𝑙 = liquid thermal expansion; 𝑇𝑠𝑐= surface temperature; T = formation 

temperature; 𝑃𝑠𝑐 = pressure at surface condition; P = formation temperature; 𝐵𝑙= liquid formation volume factor;  
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𝜌𝑙𝑠𝑐= fluid density at surface condition; 𝜌𝑙= fluid density at formation condition. In several studies, many shapes of 

the control volume assumed when the fluid flows in the porous medium, these shapes vary according to dimensions 

(1D, 2D and 3D) and according to the type of coordinates (Cartesian, cylindrical, spherical) (BEAR, 1988). In terms 

of formulating the mathematical model (in its partial differential form) for the single fluid flow, we assumed the 

control volume in Cartesian coordinates (x, y, z) as shown in Fig. (3) below, to formulate the mathematical model. 

The mass input or output the control volume amount per unit time is the results of flow rate, q, and density ρ 

multiplication as; 
 

[𝑞 (
𝐿3

𝑡
)] 𝑥 [𝜌 (

𝑚

𝐿3
)] = [𝑤 (

𝑚

𝑡
)] (4) 

 

Fig. (3) shows a cross-filled arrow representing an extra of fluid volume that entering (or leaving) control volume at 

mass rate qm (
𝐿3

𝑡
). 

 

 
Figure 3. Rectangular coordinates control volume used in this study 

 

The positive sign used for injected fluids and the negative sign used for produced fluid. With these descriptions, the 

mass-balance equation (Equation 1) can be written for x-direction as; 

 

[(𝑊)
𝑥−

∆𝑥

2

 ∆𝑡] − [(𝑊)
𝑥+

∆𝑥

2

 ∆𝑡] + 𝑞𝑚 ∆𝑡 = [(𝜑. ∆𝑥. ∆𝑦. ∆𝑧. 𝜌)𝑡+∆𝑡 − (𝜑. ∆𝑥. ∆𝑦. ∆𝑧. 𝜌)𝑡] (5) 

 

Where; φ = formation porosity. The mass flow rate can be defined as; 

𝑊𝑥 = 𝑚̇𝑥 ∆𝑦 ∆𝑧 = 𝑚̇𝑥 𝐴𝑥 (6) 

 

Where; 𝑚̇𝑥  = "the mass flux" (m/L2).  The mass flux definition stated in terms of volumetric velocity and density as; 

 

𝑚̇𝑥 = 𝜌 𝑢𝑥 (7) 

 

Substituting Eq. (7) into Eq. (6) gives; 

 

𝑊𝑥 = 𝜌  𝑢𝑥 𝐴𝑥 (8) 

 

Where; A_x = perpendicular areas to flow lengthways the x-directions. Substituting Eq. (8) into Eq. (5) gives; 
 

− [(𝜌  𝑢𝑥 𝐴𝑥)
𝑥+

∆𝑥

2

 − (𝜌  𝑢𝑥 𝐴𝑥)
𝑥−

∆𝑥

2

] + 𝑞𝑚  =
1

∆𝑡
[(𝜑. ∆𝑥. ∆𝑦. ∆𝑧. 𝜌)𝑡+∆𝑡 − (𝜑. ∆𝑥. ∆𝑦. ∆𝑧. 𝜌)𝑡] (9) 
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Dividing Eq. (9) through by the bulk volume of the control element (Vb=Δx.Δy.Δz) gives; 

− [

(𝜌  𝑢𝑥  𝐴𝑥)
𝑥+

∆𝑥

2

 − (𝜌  𝑢𝑥 𝐴𝑥)
𝑥−

∆𝑥

2

∆𝑥
] +

𝑞𝑚

𝑉𝑏

=
(𝜑. 𝜌)𝑡+∆𝑡 − (𝜑. 𝜌)𝑡

∆𝑡
 (10) 

 

Take the simultaneous time and space limits; 
 

lim
∆𝑥; ∆𝑡→0

− [

(𝜌  𝑢𝑥  𝐴𝑥)
𝑥+

∆𝑥

2

 − (𝜌  𝑢𝑥 𝐴𝑥)
𝑥−

∆𝑥

2

∆𝑥
] +

𝑞𝑚

𝑉𝑏

= lim
∆𝑥; ∆𝑡→0

[
(𝜑. 𝜌)𝑡+∆𝑡 − (𝜑. 𝜌)𝑡

∆𝑡
] (11) 

Eq. (11) represents the spatial first-order partial derivative; 
 

𝜕𝑓

𝜕𝑥
= lim

∆𝑥→0

𝑓 (𝑥 +
∆𝑥

2
) − 𝑓 (𝑥 −

∆𝑥

2
)

∆𝑥
 (12a) 

 

and for time; 
 

𝜕𝑓

𝜕𝑡
= lim

∆𝑡→0

𝑓 (𝑡 +
∆𝑡

2
) − 𝑓(𝑡)

∆𝑡
 (12b) 

 

Therefore, Eq. (11) can be written as; 

 

−
𝜕

𝜕𝑥
(𝜌  𝑢𝑥) +

𝑞𝑚

𝑉𝑏

=
𝜕

𝜕𝑡
(𝜌  𝜑) (13) 

 

Multiplying Eq. (13) by the bulk volume, Vb gives; 
 

−
𝜕

𝜕𝑥
(𝜌  𝑢𝑥 𝐴𝑥) ∆𝑥 + 𝑞𝑚 = 𝑉𝑏

𝜕

𝜕𝑡
(𝜌  𝜑) (14) 

 

The only difference between Eq. (13) and Eq. (14) is that Eq. (13) is written in terms of reservoir bulk volume unit. 

Eq. (14), on the other hand, is written in terms of the cross-sectional areas perpendicular to the direction of the flow. 

So, Eq. (14) represents a common equation of the continuity equation in one dimension formulated as a partial 

derivative Equation. The next step is to integrate the two remaining basic laws, EOS law, and Darcy equation with 

the continuity equation (Eq. 14). Simply, the EOS law is expressed through using the formation volume factor (FVF) 

concept, which is represented by Eq. (3b). The formation volume factor is volume under reservoir condition divided 

by volume under standard conditions (Ahmed, 2010). The velocity terms in Eq. (14) expressed with Darcy's 

equation, which represents the fluid flow rate through porous media. Before substituting Eq. (2) and Eq. (3b) into Eq. 

(14), the (qm) term must express as a volumetric rate instead of mass rate. 
 

𝑞𝑚 (
𝑚

𝑡
) = 𝑞𝑠𝑐 (

𝐿3

𝑡
) 𝜌𝑠𝑐 (

𝑚

𝐿3
) (15) 

 

Now substitute Eqs. (2), (3b), and (15) into Eq. (14) to obtain; 

 
𝜕

𝜕𝑥
(

𝐴𝑥  𝑘𝑥

𝜇 𝐵

𝜕𝑝

𝜕𝑥
) ∆𝑥 + 𝑞𝑚 = 𝑉𝑏

𝜕

𝜕𝑡
(

𝜑

𝐵
) (16) 

 

Eq. (16) represents the most general single-phase-flow equation form. We can modify the general flow equation (Eq. 

16) according to reservoir fluid type, incompressible, slightly compressible, or compressible fluid (BEAR, 1988).  

For the incompressible fluid, the density and viscosity are constant, so, Eq. (16) for one-dimensional flow direction 

can be rewritten as; 
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𝜕

𝜕𝑥
(𝐴𝑥 𝑘𝑥  

𝜕𝑝

𝜕𝑥
) ∆𝑥 +  𝜇 𝑞𝑠𝑐 = 0 (17) 

 

For slightly compressible liquid flow, the FVF can be expressed as; 

 

𝐵 =
𝐵𝑜

[1 + 𝐶𝑙(𝑝 − 𝑝0)
 (18) 

 

Where c =fluid compressibility. Substituting of Eq. (18) in Eq. (16), and assuming incompressible porous medium, 

yields; 
 

𝑉𝑏

𝜕

𝜕𝑡
(

𝜑

𝐵
) =  𝑉𝑏 𝜑 

𝜕

𝜕𝑡
 ([

1 + 𝐶𝑙(𝑝 − 𝑝𝑜)

𝐵𝑜
]) =

𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑜

𝜕𝑝

𝜕𝑡
 (19) 

 

The one-dimensional slightly compressible fluid flow equation then becomes; 
 

𝜕

𝜕𝑥
(

𝐴𝑥

𝜇
 
𝑘𝑥

𝐵
 
𝜕𝑝

𝜕𝑥
) ∆𝑥 + 𝑞𝑠𝑐 =  

𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑜

𝜕𝑝

𝜕𝑡
 (20) 

 

Substituting Eq. (18) on the left side of Eq. (20) and assuming µ as a constant, Eq. (20) then becomes; 
 

𝜕

𝜕𝑥
(𝐴𝑥 𝑘𝑥[1 + 𝐶𝑙(𝑝 − 𝑝0) 

𝜕𝑝

𝜕𝑥
) ∆𝑥 + 𝐵𝑜  𝜇 𝑞𝑠𝑐 = 𝑉𝑏 𝜑 𝜇 𝐶𝑙

𝜕𝑝

𝜕𝑡
 (21) 

 

In many cases, for slightly compressible fluids we can assume [1+C_l (p-p^0 )≈1 because (Cl) is very small. So; 

 
𝜕

𝜕𝑥
(𝐴𝑥 𝑘𝑥  

𝜕𝑝

𝜕𝑥
) ∆𝑥 + 𝐵𝑜  𝜇 𝑞𝑠𝑐 = 𝑉𝑏 𝜑 𝜇 𝐶𝑙

𝜕𝑝

𝜕𝑡
 (22) 

 

Eq. (22) represents the one-dimensional slightly compressible fluid flow for single-phase, in "heterogeneous" and 

"anisotropic" formation. For "homogeneous" and "isotropic" formation, the Equation rearranged to get; 
 

𝜕2𝑝

𝜕𝑥2
+

𝐵𝑜  𝜇

𝑉𝑏 𝑘𝑥

 𝑞𝑠𝑐 =
𝜑 𝜇 𝐶𝑙

 𝑘𝑥

 
𝜕𝑝

𝜕𝑡
 (23) 

 

Also, in absence of external source (qin=qout=0), Eq. (23) becomes; 

 

𝜕2𝑝

𝜕𝑥2
=

𝜑 𝜇 𝐶𝑙

 𝑘𝑥

 
𝜕𝑝

𝜕𝑡
 (24) 

 

Equation (24) is slightly compressible- the flow equation represents a time-dependent problem. 

 

Numerical Approximation 

 

In the previous section, equations (Eq. 20) are derived for single-phase slightly compressible fluid flow through the 

porous media. This equation was spatial second-order partial differential equations and time first-order partial 

differential equations. In general, the analytically (exactly) solution for this equation is very hard and complex 

because of equation nonlinearity nature (Mattax & Dalton, 1990). To solve this type of equation, a numerical 

approximate method is needed (Aarnes, 2007). The finite-difference method was a common numerical technique 

currently in use in the oil industry (ODEH, 1982; Gerritsen & Durlofsky, 2005). However, the governing equations 

(Eq. 20) used to describe flow in porous media only contain first-order derivatives, and we, therefore, limit our study 

to first-order derivatives. We use the truncated Taylor series expansion to approximate first-order derivatives. The 

hypothetical pressure distribution (P) is shown in Fig. (4) along x-direction. The derivative approximated at point x 

(referred also as i) on which the pressure value is referred as (Pi). There are two adjacent points to the central point 
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(Xi-1) and (Xi-1). Therefore, the pressure values at these two adjacent nodes are (Pi+1) and (Pi-1) respectively. The 

first-order derivative forward-difference approximation uses values of the function at points (i) and (i +1) to get; 

 

 
Figure 4. Graphical illustration of the finite difference derivatives calculated by backward differences, forward 

differences and central differences 
 

 

(
𝜕𝑝

𝜕𝑥
)

𝑖
=

𝑝𝑖+1 − 𝑝𝑖

∆𝑥
 (25) 

 

If this derivative is written at point (i) in the spatial domain, it indicating the pressure change rate with the time at 

point (i). or; 

 

(
𝜕𝑝

𝜕𝑥
)

𝑖
=

𝑝𝑖
𝑛+1 − 𝑝𝑖

𝑛

∆𝑡
 (26) 

 

We can achieve a backward difference approach to the first-order derivative using the same way, but now using a 

neighboring point; 
 

(
𝜕𝑝

𝜕𝑥
)

𝑖
=

𝑝𝑖 − 𝑝𝑖−1

∆𝑥
 (27) 

 

The central difference approximation to the first-order derivative at point (i) uses the two adjacent points as; 
 

(
𝜕𝑝

𝜕𝑥
)

𝑖
=

𝑝𝑖+1 − 𝑝𝑖−1

2 ∆𝑥
 (28) 

 

The algebraic finite-difference equations result from the implementation of finite-difference approximations (Ewing, 

1983). The solutions for finite differences equations can only be achieved at discrete grid-system points. This means 

the calculated pressure from the simulator of the reservoir is only known in grid points within the reservoir. Unlike 

the solutions of the continuous equation obtained at all points in the reservoir. Generally, discretization is a process 

by which the continuous equations are converted into the finite-difference equations (Ertekin et al., 2001). Two 

forms of finite-difference grids utilized in the simulation of the reservoir: block centered and point distributed (Chen 

et al., 2006). In a rectangular block-centered grid, the grid points defined as the centers of these grid blocks (as 

shown in Fig. 5b). In a rectangular point-distributed grid, a block boundary placed at the corner point of the grid 

block (as shown in Fig. 5a). The grid system aims to divide the reservoir into blocks that representational rock 

properties allocated. Therefore, the grid cells should be small sufficient to define reservoir heterogeneity and to 

adequately represent the flow behavior of the average grid cell properties in the reservoir (Ertekin et al., 2001). 

Using the block-centered grid, we can discretize Eq. (20) by the central difference approximation as; 
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𝜕

𝜕𝑥
(

𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙

 
𝜕𝑝

𝜕𝑥
)

𝑖

≅
1

∆𝑥𝑖

 [(
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙

 
𝜕𝑝

𝜕𝑥
)

𝑖+
1

2

− (
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙

 
𝜕𝑝

𝜕𝑥
)

𝑖−
1

2

] (29) 

 

 
Figure 5. One-dimensional grid system: (a) point distributed grid system, (b) block centered grid system 

 

Eq. (29) is used to approximate the spatial derivative at grid point (i) and the result is substituted into the left side of 

Eq. (20) to yields; 

 

1

∆𝑥𝑖

 [(
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙

 
𝜕𝑝

𝜕𝑥
)

𝑖+
1

2

− (
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙

 
𝜕𝑝

𝜕𝑥
)

𝑖−
1

2

] ∆𝑥𝑖 + 𝑞𝑙𝑠𝑐 = (
𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑙
𝑜

𝜕𝑝

𝜕𝑡
)

𝑖

 (30) 

 

Now, using of central differences to approximate (
𝜕𝑝

𝜕𝑥
)

𝑖+
1

2

  and  (
𝜕𝑝

𝜕𝑥
)

𝑖−
1

2

 yields; 

 

(
𝜕𝑝

𝜕𝑥
)

𝑖+
1

2

=
𝑝𝑖+1 − 𝑝𝑖

𝑥𝑖+1 − 𝑥𝑖

=
𝑝𝑖+1 − 𝑝𝑖

∆𝑥
𝑖+

1

2

 (31) 

(
𝜕𝑝

𝜕𝑥
)

𝑖−
1

2

=
𝑝𝑖 − 𝑝𝑖−1

𝑥𝑖 − 𝑥𝑖−1

=
𝑝𝑖 − 𝑝𝑖−1

∆𝑥
𝑖−

1

2

 (32) 

 

Substituting Eqs. (31) and (32) into Eq. (30) results in; 
 

(
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙   ∆𝑥
 )

𝑖+
1

2

(𝑝𝑖+1 − 𝑝𝑖) − (
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙   ∆𝑥
 )

𝑖−
1

2

(𝑝𝑖 − 𝑝𝑖−1) + 𝑞𝑙𝑠𝑐 = (
𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑙
𝑜 )

𝑖

𝜕𝑝𝑖

𝜕𝑡
 (33) 

 

Or; 
 

𝑇𝑙 𝑖+
1

2

(𝑝𝑖+1 − 𝑝𝑖) − 𝑇𝑙 𝑖−
1

2

(𝑝𝑖 − 𝑝𝑖−1) + 𝑞𝑙𝑠𝑐 = (
𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑙
𝑜 )

𝑖

𝜕𝑝𝑖

𝜕𝑡
 (34) 

 

The coefficients 𝑇𝑙 𝑖+
1

2

 and 𝑇𝑙 𝑖−
1

2

  are referred to as the transmissibility of the porous medium, and is considered to be 

porous medium property. For a uniform block-centered grid, spacings between the grid points are identical and equal 

to the block dimension Δx. So; 
 

∆𝑥
𝑖+

1

2

= ∆𝑥
𝑖−

1

2

= ∆𝑥𝑖 = ∆𝑥 (35) 

 

Eq. (33) and Eq. (34) indicate that, the pressures (Pi+1) and (Pi -1) must be known to solve for pressure (pi). So, Eq. 

(34) must be written to each grid block in reservoir simulation modeling. This yields system of equations that 

approximates Eq. (20).  The discretization of the time derivative (
𝜕𝑝𝑖

𝜕𝑡
) in Eqs. (33)  and (34) is treated in the same 

way as the spatial derivative (
𝜕𝑝

𝜕𝑥
)

𝑖
. The backward-difference approximation commonly is utilized in reservoir 

simulation for the discretization of the time derivative 
𝜕𝑝𝑖

𝜕𝑡
).The backward-difference approximation to the first 

derivative at base time level tn+1 defined as; 
 

𝜕𝑝

𝜕𝑡
≈

𝑝(𝑡𝑛+1) − 𝑝(𝑡𝑛)

∆𝑡
 (36) 
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With the notation; 
 

𝑝𝑛 = 𝑝(𝑡𝑛) (37a) 

𝑝𝑛+1 = 𝑝(𝑡𝑛+1)    (37b) 

Eq. (36) written for grid point (i) with the sign of equal rather than a sign of approximation becomes; 

 

𝜕𝑝𝑖

𝜕𝑡
=

𝑝𝑖
𝑛+1 − 𝑝𝑖

𝑛

∆𝑡
 (38) 

 

Substituting into Eq. (33) at time level tn+1 results in; 
 

(
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙   ∆𝑥
 )

𝑖+
1

2

(𝑝𝑖+1
𝑛+1 − 𝑝𝑖

𝑛+1) − (
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙   ∆𝑥
 )

𝑖−
1

2

(𝑝𝑖
𝑛+1 − 𝑝𝑖−1

𝑛+1) + 𝑞𝑙𝑠𝑐 𝑖
= (

𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑙
𝑜  ∆𝑡

)
𝑖

(𝑝𝑖
𝑛+1 − 𝑝𝑖

𝑛) (39) 

or, in terms of the transmissibility yields; 

𝑇
𝑖+

1

2

(𝑝𝑖+1
𝑛+1 − 𝑝𝑖

𝑛+1) − 𝑇
𝑖−

1

2

(𝑝𝑖
𝑛+1 − 𝑝𝑖−1

𝑛+1) + 𝑞𝑙𝑠𝑐 𝑖
= (

𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑙
𝑜  ∆𝑡

)
𝑖

(𝑝𝑖
𝑛+1 − 𝑝𝑖

𝑛) (40) 

 

Note that from Eqs. (39) and (40), all pressures on the left side of the Eq. (40) given in the time level tn+1 are the 

unknowns. If we evaluate the transmissibility at (pn +1), the coefficients of the equation are functions of unknowns 

and resulting in a nonlinear algebraic equation that needs further modification before solving it with an appropriate 

linear-equation solver. Such nonlinear problems arise in the slightly compressible single-phase fluid flow. On the 

other hand, the transmissibility evaluation at (pn) with assumption the base time level to be (tn), the coefficients of 

the equation can be evaluated explicitly with the known pressures. We will currently use the explicit treatment with 

the forward difference approximation to write Eq. (39) at time level (tn) as; 
 

(
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙   ∆𝑥
 )

𝑖+
1

2

𝑛

(𝑝𝑖+1
𝑛 − 𝑝𝑖

𝑛) − (
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙   ∆𝑥
 )

𝑖−
1

2

𝑛

(𝑝𝑖
𝑛 − 𝑝𝑖−1

𝑛 ) + 𝑞𝑙𝑠𝑐𝑖
= (

𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑙
𝑜  ∆𝑡

)
𝑖

(𝑝𝑖
𝑛+1 − 𝑝𝑖

𝑛) (41) 

or, in terms of the transmissibility; 

𝑇
𝑖+

1

2

𝑛 (𝑝𝑖+1
𝑛 − 𝑝𝑖

𝑛) − 𝑇
𝑖−

1

2

𝑛 (𝑝𝑖
𝑛 − 𝑝𝑖−1

𝑛 ) + 𝑞𝑙𝑠𝑐 𝑖
= (

𝑉𝑏 𝜑 𝐶𝑙

𝐵𝑙
𝑜  ∆𝑡

)
𝑖

(𝑝𝑖
𝑛+1 − 𝑝𝑖

𝑛) (42) 

 

Note that from Eqs. (41) and (42), all pressures to the flow equation are known except Pn+1 at the time level (tn). 

The approximation of forwarding difference of flow equation outcomes in an explicit evaluation procedure for 

unknown pressure (𝑃𝑛+1) can be expressed as; 
 

𝑝𝑖
𝑛+1 = 𝑝𝑖

𝑛 + (
𝐵𝑙

𝑜  ∆𝑡

𝑉𝑏 𝜑 𝐶𝑙

)
𝑖

 𝑞𝑙𝑠𝑐 𝑖
+ (

𝐵𝑙
𝑜  ∆𝑡

𝑉𝑏 𝜑 𝐶𝑙

)
𝑖

[𝑇
𝑖+

1

2

𝑛  𝑝𝑖+1
𝑛 − (𝑇

𝑖+
1

2

𝑛 + 𝑇
𝑖−

1

2

𝑛 ) 𝑝𝑖
𝑛 + 𝑇

𝑖−
1

2

𝑛  𝑝𝑖−1
𝑛 ] (43) 

With; 

𝑇
𝑖±

1

2

= (
𝐴𝑥

𝜇𝑙

 
𝑘𝑥

𝐵𝑙   ∆𝑥
 )

𝑖±
1

2

 (44) 

 

Note that from Eq. (43), all term on the right side of Eq. (43) is known since all pressure appearing on this site are at 

the known old-time level (Pn). 

 

Initial / Boundary Conditions 

 

The conditions of initial and boundary represent the supplementary data needed to get a unique solution to a given 

differential equation. The initial condition required for reservoir simulation problems is initial reservoir pressure. The 

boundary conditions requirements include exterior boundaries (limits of the reservoir) and interior boundaries 

(production and injection wells). The "no-flow boundary" occurs at some distance from the reservoir for external 

boundaries is generally assumed. This can be stated mathematically as; 
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𝜕𝑝

𝜕𝑥
= 0  (45) 

 

When all gradients (dp/dx) across reservoir boundaries are equal to zero, the reservoir boundary is assumed to be "no 

flow-free border". Boundary conditions that defined a derivative on a boundary denoted as "Neumann-type 

boundary" conditions (Ertekin et al., 2001). 

 

 

3   Results and Discussions 
 

This paper presents a numerical method and mathematical study for one dimensional (1D) single-phase fluid flow 

through porous media. We have solved the mathematical models (Eq. 20) describing the single-phase flow problem, 

in cartesian coordinates which are solved using a finite difference method as described in previous sections.  In this 

study, as application examples, we consider the one-dimensional (1D) block-centered grid with no boundary flow, 

shown in Fig. (6). As shown in Fig. (6), the geometrical network of the studied reservoir is discretized into four 

blocks with a rectangular block-centered grid system. The injection well is located at the grid block number (1), 

while the production well is located at grid block number (4). The exterior boundaries condition assumed that no-

flow boundary exists, i.e. all gradients (dp/dx) across reservoir boundary are equal to zero. Reservoir properties and 

grid block dimensions are given in table (1). 

 

 
Figure 6. Porous medium and block-centered grid system used in this study 

 

Table 1 

Summary of reservoir and grid parameters calculated from block properties 

x-direction block dimension Δx 800 ft 

y-direction block dimension Δy 800 ft 

z-direction block dimension Δz 100 ft 

Porosity φ 0.2 

Permeability in direction of x-axis Kx 50 md 

Compressibility for Phase l Cl 5x10-6 psi-1 

The viscosity of Phase l µl 15 cp 

time step Δt 15 day 

Injection rate qin 150 (STB/day) 

Production rate qout 200 (STB/day) 

Initial reservoir pressure  Pin 8000 psi 

Reservoir bulk volume(Δx.Δy.Δz) Vb 64x106 ft3 

Cross-sectional area of x-direction(Δy.Δz) Ax 80x103 ft2 

 

The computed code for numerical approximation (Eqs. 41 through 44) is written in Microsoft Excel 2019 Visual 

Basic Applications (VBA) as shown in Fig. (7). 
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Figure 7. Numerical approximation code was written by Excel VBA interface  

 

This code was programmed to fit the discretized studied reservoir to obtain accurate pressure distributions results 

from numerical approximation for six months from the starting of injection and production operations. Reservoir 

properties and grid blocks dimensions input parameters are classified into six groups of input data, as shown in Fig. 

(8); 

1) Grid blocks dimensions (reservoir dimensions) to calculate cross-sectional drainage area in (x) direction (Ax) 

and reservoir bulk volume (Vb). 

2) Reservoir petrophysical properties such as porosity and permeability data. 

3) Flowing fluid properties, such as viscosity and compressibility data. 

4) Reservoir initial pressure data. 

5) Injection and production well flow rate data. 

6) Time steps data. 

 

 
Figure 8. Reservoir and grid blocks input parameter classification 

 

The Explicit simulation-study final results for pressure distribution during six months are listed in the table (2). Fig. 

(9) and Fig. (10) shows the pressure distributions for four grid blocks between injection and production wells during 

15, 30, 45, 90, and 150 days. From these figures, we note that the pressure before starting the injection and 

production (t = 0 days) is constant and equal to the initial reservoir pressure (p = 8000 psi) for all blocks. At the time 

step (t = 15 days), i.e., after fifteen days from the start of production and injection operations, the pressure increased 

to (p=8035 psi) in the block (1) where the injection well is located. Fluid injection into the reservoir increases the 

reservoir energy, and therefore the reservoir pressure will increase. In block (2) and block (3), the pressure value 

remains constant and equal to the initial reservoir pressure value (p = 8000 psi), as these blocks were not affected 

either by the injection rate in the block (1) or the production rate in the block (4). Whereas in the block (4) where the 
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production well is located, we notice a decrease in pressure to the value (p = 7953 psi) because fluid production from 

the reservoir decreases the reservoir energy and therefore the reservoir pressure will drop. After a month (t = 30 

days) of production and injection operations starting, we notice that the pressure rises to (p = 8067 psi) in the block 

(1) where the injection well is located, and in the block (2) the pressure increases to (p = 8002.7 psi) as a result of 

being affected by the pressure of injection well in the block (1). In block (3), we note the decrease in pressure to 

(7996.3) because this block is adjacent to the producing well and it was affected by the pressure drop in the block 

(4). The pressure change (increase and decrease) continues over time with injection and production operations. Thus, 

through the used grid system model, we can determine the volume of injected fluid needed to obtain the pressure 

change at the desired limits to get the required production rate. 

 

Table 2 

Explicit simulation-study final results for pressure distribution for six months 

 

  X, ft 800 1600 2400 3200 

  Time, Days Block 1 Block 2 Block 3 Block 4 

Initial P 0 8000 8000 8000 8000 

  15 8035.16 8000.00 8000.00 7953.13 

  30 8067.57 8002.75 7996.34 7909.91 

  45 8097.66 8007.31 7990.09 7869.79 

  60 8125.76 8013.02 7982.03 7832.31 

  75 8152.10 8019.41 7972.76 7797.13 

  90 8176.89 8026.13 7962.68 7763.98 

  105 8200.27 8032.95 7952.12 7732.63 

  120 8222.36 8039.71 7941.28 7702.90 

  135 8243.24 8046.29 7930.35 7674.65 

  150 8263.01 8052.62 7919.43 7647.75 

  165 8281.73 8058.65 7908.61 7622.10 

  180 8299.46 8064.36 7897.95 7597.61 

 

 
Fig. 9. Pressure distributions in the reservoir between injection and production wells for time steps 15 and 30 

days for all blocks 
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Figure 10. Pressure distributions in the reservoir between injection and production wells for time step 15, 30, 45, 

90 and 150 days for all blocks 

 

4   Conclusion 
 

The main conclusions of the current study can be summarized as follows: 

1) The physical concepts of fluid flow through the porous medium such as; Darcy law, conservation of mass 

law, and Equation of state were combined to obtain the mathematical model of single-phase fluid flow in a 

one-dimensional porous medium. 

2) The obtained mathematical model (Eq. 20), is a partial differential equation (second order in space and first-

order in time). 

3) The conversion of the mathematical model into a numerical model was done using the finite difference 

method, which enabled us to find an approximate solution for the derivatives. 

4) The pressure distributions through the reservoir blocks are essential to determine the production indicators 

and select the locations of injection and production wells. 

5) The adjacent blocks to injection and production wells are not affected by pressure changes during the early 

periods of injection and production operations. 

6) Pressure changes begin to affect the adjacent blocks to the injection and production wells after a specific time 

(after one month in our studied model). 

7) Fluid injection into the reservoir increases the reservoir energy, and therefore the reservoir pressure will 

increase. 

Fluid production from the reservoir decreases the reservoir energy, and therefore the reservoir pressure will drop. 
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